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Abstract
Non-invasive volumetric imaging can now cap-
ture the internal structure and detailed evidence
of ink-based writing from within the confines of
damaged and deteriorated manuscripts that can-
not be physically opened. As demonstrated re-
cently on the En-Gedi scroll, our “virtual un-
wrapping” software pipeline enables the recov-
ery of substantial ink-based text from damaged
artifacts at a quality high enough for serious crit-
ical textual analysis. However, the quality of the
resulting images is defined by the subjective eval-
uation of scholars, and a choice of specific algo-
rithms and parameters must be available at each
stage in the pipeline in order to maximize the
output quality.
A key stage in the virtual unwrapping pipeline
is “flattening”, the process of transforming the
3D geometry of a manuscript’s wraps or pages
into a 2D, flattened image suitable for reading
and scholarship. Damage results in 3D geome-
tries that are not necessarily isometric to a plane.
As a result, the computation of this transfor-
mation is nontrivial and may induce distortions.
This distortion (stretching, shearing) is intro-
duced into the 2D geometry, which in turn re-
sults in visual artifacts affecting the text visible
in the flattened imagery. While many distortions
are minor, any change in the text has the poten-
tial to affect subsequent scholarly analysis, such
as paleography.
The computation of the flattening transforma-
tion is a crucial component of the “virtual un-
wrapping” pipeline. Algorithms for flattening,
including our physics-based material modeling
algorithm, lead to questions about the tradeoffs
in various approaches. In this paper we provide
a comparative analysis with particular emphasis
on the visual distortions introduced by candidate
flattening algorithms when applied to the prob-
lem of virtual unwrapping. We show results from
the unwrapped portions of the En-Gedi scroll.
1 Introduction
The recent work of Seales et al. demonstrates
how non-invasive volumetric imaging and a “vir-
tual unwrapping” software pipeline can recover
substantial, ink-based text from within damaged
manuscripts that cannot be physically opened
[1]. The En-Gedi scroll, excavated from the ru-
ins of a Jewish synagogue on the western shores
of the Dead Sea, was revealed to be a copy of
the book of Leviticus, marking the scroll as one
of the oldest known versions of the Pentateuchal
book. The images generated by the virtual un-
wrapping pipeline were of such high quality that
Segal et al. were able to generate a full tran-
scription and paleographic analysis of the text,
describing them as being “as readable as undam-
aged scrolls.” [2]
The flattening stage of the virtual unwrapping
pipeline is particularly important to the quality
of the output imagery. Preceding stages of the
pipeline generate a three-dimensional geometric
representation of the scroll’s surface (a triangu-
lar mesh) and texture that surface with ink infor-
mation extracted from the volumetric scan data.
The 3D geometry of this surface is nonplanar,
which makes viewing any text on its surface chal-
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Figure 1: Comparison of area-maintaining (top),
area-distorting (middle), and angle distorting
(bottom) parameterizations of a textured 3D
plane.
lenging. Flattening is the process of computing a
3D to 2D transformation (parameterization) that
maps the mesh and associated texture informa-
tion to a plane for ease of viewing.
Surfaces are isometric to a plane if, after being
mapped to a plane, distances along the surface
of the object are maintained. Similarly, surfaces
that are conformal to a plane maintain surface
angles [3]. The highly irregular surfaces of dam-
aged manuscript pages are not necessarily iso-
metric or conformal. As a result, the computa-
tion of the flattening transformation is nontriv-
ial and may induce distortion. This distortion
is introduced into the 2D geometry, resulting in
visual artifacts that affect the text seen in the
flattened image. As shown in Figure 1, a per-
fect parameterization results in a 2D image that
maintains the relative scale and position of fea-
tures in the output texture. When the area and
angles of faces are not maintained, scaling and
shearing artifacts can occur.
Also of interest are the effects of parameteri-
zation when applied to the piecewise approxima-
tions of a much larger surface. Ideally, the vir-
tual unwrapping pipeline would generate a sin-
gle, continuous surface representation of the en-
tire object being studied. In practice, however,
the computation of this single surface is quite
difficult, and therefore must be approached in a
Figure 2: Example of mismatched surface fea-
tures across overlapping texture images—Slight
baseline shift.
piecewise fashion. The result is a series of over-
lapping surface patches that must be merged. In
lieu of a 3D merging technique, Seales et al. per-
formed a two-dimensional merge of each patch’s
flattened texture. In overlapping areas, distor-
tion introduced by parameterization can lead to
a visual mismatch in surface features. As shown
in Figure 2, a slight baseline shift occurs in the
En-Gedi text when two overlapping texture im-
ages are merged.
While many distortions are minor, any change
in the text has the potential to affect subsequent
scholarly analysis. It is therefore essential that
the distortion introduced by the flattening pro-
cess be objectively measured and correlated to
any resulting visual artifacts.
2 Methods
Our goal is to measure and examine the effects of
flattening algorithms when applied to seven sur-
faces extracted from the En-Gedi scroll. Each
of these surfaces holds associated texture infor-
mation generated by the texturing stage of our
virtual unwrapping pipeline, and each must be
flattened before a full reading can occur. To this
end, we applied three flattening algorithms to the
seven En-Gedi surfaces and used the resulting
parameterizations to generate flattened texture
images. The geometric error introduced by each
flattening algorithm was then measured using
the metrics outlined in Section 2.2 and correlated
to the generated texture image. We pay particu-
lar attention to distortions introduced along the
boundaries of the surfaces, locations that most
affect the results of texturing merging.
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2.1 Flattening Algorithms
We compare two of the more popular geometric
flattening algorithms—Least Squares Conformal
Maps (LSCM) [4] and Angle-Based Flattening
(ABF) [5]. Both can be efficiently and quickly
computed, produce parameterizations with low
angular distortion, and preserve triangle orien-
tations. We also examine our own physics-
based material modeling (MM) algorithm that
was used to flatten the En-Gedi scroll [1].
LSCM is a quasi-conformal parameterization
technique that computes parameterized coordi-
nates (u, v) for each vertex (x, y, z) such that the
error of triangulation conformality is minimized
in a least squares sense. It is a free-boundary
technique that requires selecting only two ver-
tices on the boundary of the mesh and fixing
their parameterized coordinates. This makes it a
good choice for very complicated surface geome-
tries and boundaries. We use the LSCM imple-
mentation provided by libigl [6].
ABF formulates the parameterization problem
solely in terms of the measure of the interior an-
gles of the triangulated mesh. The algorithm
uses an iterative linear solver to minimize the
relative error between the parameterized angles
of the output space and a set of “optimal” an-
gles computed from the original 3D angles of the
mesh. Additional constraints are added to the
equation to maintain the connectivity and valid-
ity of the resulting parameterized angles. Once
the final angles have been computed, the position
and magnitude of a single boundary edge is set in
the parameterized space. The placement of this
one edge, in combination with the parameterized
angles, is enough to determine the (u, v) coordi-
nates of the other vertices in the mesh. For ABF,
we make use of our modified implementation of
the algorithm provided by Blender [7].
Our own material modeling algorithm is de-
signed specifically for flattening surfaces ex-
tracted from damaged textual objects. The algo-
rithm assumes that the mesh being parameter-
ized represents a physical object with its own set
of physical properties. These properties–such as
mass, density, and elasticity–are presumed to af-
fect the results of the flattening process were it to
be physically performed on the object. The MM
method simulates these properties in the context
of a mass-springs physics simulation, a common
computer graphics technique for rendering cloth-
like objects. While computationally expensive,
this approach is highly configurable and allows
for a more nuanced representation of the sur-
face than its geometric properties might allow.
The configuration of this system is custom, but
is built on top of the Bullet Physics engine [8].
2.2 Measuring Distortion
A number of metrics already exist for quantify-
ing the angular and area distortion introduced
by parameterization. We use these metrics in
conjunction with the generated texture images
to guide our evaluation of the visual artifacts in-
troduced by flattening distortion.
It is important to note that previous work has
largely evaluated the effect of parameterization
distortion as it pertains to mapping a 2D tex-
ture onto a 3D object. Parameterizations that
are not isometric or conformal lead to texture
information that is “correct” in 2D but which
becomes distorted when mapped to 3D. In our
case, texture information is derived from the 3D
volume and then mapped to 2D space. Thus,
parameterization error leads to 2D artifacts in
texture information rather than 3D ones.
Sander et al. define the L2 and L∞ per-
triangle texture stretch metrics [9]. These met-
rics describe the average and worst case stretch
scenarios across the set of faces, respectively, and
are an indicator of isometric error. L2 is the root-
mean-square stretch across the face of the con-
sidered triangle, while L∞ represents the largest
local stretch—the greatest length obtained when
mapping a unit vector from the parameterized
triangle space to the 3D surface. We measure
the corresponding per-mesh metrics as described
by Sander et al. and present the results in Tables
A.1 and A.2.
ABF introduces its own angular distortion
metric for minimizing conformal error:
F (α) =
T∑
i=1
3∑
j=1
wij(α
i
j − φij)2 (1)
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where i iterates through the set of face triangles
T , j iterates through the angles of each face, wij is
a per-angle weight, and αij and φ
i
j are the param-
eterized and optimal angles respectively. This is
the same metric used as part of the minimization
task and can be evaluated for the whole mesh by
averaging the error across the total number of
angles:
F (M) =
F (α)
3T
(2)
Blender, the open-source 3D modeling and
rendering application, utilizes both angular and
area error metrics for displaying parameteriza-
tion error to the user [7]. We make use of the
per-triangle area metric:
α =
A(T )
A(M)
, β =
A(t)
A(m)
E(t) =
{
1.0− βα , if α > β
1.0− αβ , otherwise
(3)
where A(x) is the area function, T and M rep-
resent a 3D triangle and mesh, and t and m rep-
resent the corresponding 2D triangle and mesh.
We calculate a per-mesh value E(M) by taking
the mean of the per-triangle error. We also made
use of Blender’s parameterization error visual-
ization to produce the error distribution images
shown in Appendix A.
3 Results
The observed error metrics and the flattened tex-
tures for each of the En-Gedi meshes (EG0-3,5,6)
are shown in Appendix A. ABF and LSCM both
failed to produce a parameterization for EG4,
thus we only present the metrics for its MM re-
sults.
With a few exceptions, all of the parameteri-
zation algorithms perform similarly in terms of
angular distortion (Table A.3). Even for meshes
that appear to demonstrate significantly vary-
ing error values between ABF, LSCM, and MM,
such as with mesh EG1, the visual differences on
a global scale appear to be minor (Figure A.2).
Figure A.7 visualizes a typical distribution pat-
tern for the angular error across the parameter-
ized surface. Since ABF and LSCM both seek
to minimize conformal error (angular distortion)
this is not surprising. That MM produces sim-
ilar results is notable since it makes no explicit
guarantees for minimizing conformal error.
Much of the error and resulting visual distor-
tion is represented by the isometric error met-
rics. MM produced significantly worse L2 and
L∞ metric values, which resulted in artifacts
such as the slight global shear and elongation
of the right edge of the MM image for EG0 (Fig-
ure A.1). This distortion is better visualized in
Figure A.8, where areas of higher area distor-
tion streak the right side of the parameteriza-
tion. While these isolated areas demonstrated
large amounts of stretch, the effect on global area
distortion was minimal (Table A.4). LSCM pa-
rameterizations, on the other hand, performed
similarly to ABF for L2 stretch, but much worse
on area distortion. In some cases, this resulted
in very noticeable nonlinear feature scaling in the
texture images, as seen in Figures A.3 and A.6.
Also worth mentioning are some distortions
produced by MM that are not easily represented
by the considered metrics. As shown in Figure
3, the internal features of the ABF and MM tex-
ture images are largely consistent, but the outer
borders demonstrate significant differences. The
MM image displays a smoother left edge and a
“missing” boundary feature on the right edge.
The absence of this feature was caused by a
group of adjacent faces that did not completely
flatten, but instead “folded” onto each other in
parameter space. Unlike ABF, MM in its cur-
rent form makes no guarantees about the shape
of the mesh border, thus allowing for edge cases
such as these.
4 Conclusion
We can conclude that for many applications,
Angle-based Flattening is the preferred first
choice for surface flattening algorithms. It re-
quires little to no configuration and demon-
strates low isometric and conformal error with
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Figure 3: Differences in EG2 parameterizations:
ABF (left) and MM (right).
few strong visual artifacts. Future work should
focus on implementing the extension to Angled-
based Flattening, ABF++ [10]. ABF++ modi-
fies the minimized error formulation to improve
computation speeds for meshes with large num-
bers of vertices. As the virtual unwrapping
pipeline continues to improve and surface meshes
begin to represent larger and larger areas, these
sorts of performance considerations will become
extremely important.
Our own material modeling algorithm showed
angular distortion similar to that of ABF, but
demonstrated problematic stretching artifacts
throughout the surface. Many of these artifacts
could likely be corrected if the MM system was
configured to model the physical properties of
the En-Gedi scroll with extreme accuracy. While
this could potentially produce better flattening
results than ABF, the benefits would likely be
outweighed by the large amount of time spent
configuring the system. Fortunately, many of the
current distortions are isolated to small areas of
the meshes and do not produce large scale visual
artifacts.
The importance of quantifying and visualizing
error introduced by flattening cannot be under-
stated. When flattening surfaces that are nei-
ther isometric nor conformal to a plane, the in-
troduction of visual artifacts into the resulting
flattened image is inevitable. These artifacts are
often subtle and evenly distributed across the en-
tire output image, making it difficult to evalu-
ate the quality of a virtually unwrapped surface.
By using geometric measures of error to guide
our process, we were able to objectively measure
distortion in the En-Gedi surfaces and correlate
that distortion to specific visual artifacts in the
flattened texture images, making qualitative as-
sessment much more direct.
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A Figures and Tables
Table A.1: L2 Error
Mesh ABF LSCM MM
EG0 1.00340 1.03717 2.45248
EG1 1.00237 1.00790 2.13652
EG2 1.00896 1.13735 2.30123
EG3 1.00261 1.03728 4.76168
EG4 — — 7.46261
EG5 1.05035 1.11776 23.4113
EG6 1.00375 1.27112 1.65306
Table A.2: L∞ Error
Mesh ABF LSCM MM
EG0 1.29810 1.85130 356.085
EG1 36.58980 4.41805 532.838
EG2 14.32470 24.67560 548.357
EG3 5.96818 22.69540 882.906
EG4 — — 1957.460
EG5 40.62920 32.87700 8532.760
EG6 2.37835 11.15980 308.242
Table A.3: F (M) Error
Mesh ABF LSCM MM
EG0 0.63695 0.63700 0.63574
EG1 12.26375 9.03262 8.96267
EG2 0.90651 0.89886 0.90160
EG3 2.29791 2.26831 2.26686
EG4 — — 2.29255
EG5 0.54397 0.54145 0.54505
EG6 0.37898 0.38032 0.37896
Table A.4: E(M) Error
Mesh ABF LSCM MM
EG0 0.28029 0.32231 0.28775
EG1 0.28197 0.29037 0.28410
EG2 0.28746 0.39442 0.28937
EG3 0.28434 0.31817 0.29602
EG4 — — 0.30060
EG5 0.29598 0.35874 0.30059
EG6 0.28175 0.42408 0.28412
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Figure A.1: EG0 parameterizations: ABF (left), LSCM (middle), MM (right)
Figure A.2: EG1 parameterizations: ABF (left), LSCM (middle), MM (right)
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Figure A.3: EG2 parameterizations: ABF (left), LSCM (middle), MM (right)
Figure A.4: EG3 parameterizations: ABF (left), LSCM (middle), MM (right)
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Figure A.5: EG5 parameterizations: ABF (left), LSCM (middle), MM (right)
Figure A.6: EG6 parameterizations: ABF (left), LSCM (middle), MM (right)
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Figure A.7: Distribution of Angular Error for EG0: ABF (left), LSCM (middle), MM (right)
Figure A.8: Distribution of Area Error for EG0: ABF (left), LSCM (middle), MM (right)
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